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1 Introduction
A very recent trend in metrical ﬁxed point theory, initiated by Ran and Reurings [] and
continued by Nieto and Rodriguez-López [, ], is to consider a partial order on the ambi-
ent metric space (X,d) and to transfer a part of the contractive property of the nonlinear
operators into its monotonicity properties. Their results were extended in other contexts:
L-spaces [], probabilistic metric spaces [], and metric spaces with a graph []. Some
ﬁxed point theorems are proved for a mixed monotone mapping in a metric space en-
dowed with partial order, and the obtained results found important applications to the
existence of solutions for matrix equations or ordinary diﬀerential equations and integral
equations; see [–] and the references therein.
In , Bhaskar and Lakshmikantham [] introduced the notion of coupled ﬁxed
point and proved some ﬁxed point theorems under certain conditions. Later, Berinde and
Borcut [] introduced the concept of tripled ﬁxed point and proved some related the-
orems. These results were then extended and generalized by several authors in the last
years; see [–] and the references therein. Amongst these generalizations, we refer to
the one obtained by Berinde [], who considered the more general contractive condition
ϕ
(d(F(x, y),F(u, v)) + d(F(y,x),F(v,u))

)
≤ ϕ
(d(x,u) + d(y, v)

)
–ψ
(d(x,u) + d(y, v)

)
,
where ϕ,ψ : [,∞) → [,∞) are functions satisfying some appropriate conditions, and
x≥ u, y≤ v.
©2014 Wang; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.
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Currently, the authors of [–] obtained some k-dimensional ﬁxed point theorems
for mixed monotone mappings, which extended the corresponding coupled, tripled and
quadrupled ﬁxed point theorems. In order to guarantee the existence of k-dimensional
ﬁxed points, the authors proved thatmore than one sequences are simultaneously Cauchy.
Besides, some authors focused on obtaining some ﬁxed point theorems for a monotone
mapping in the context of orderedmetric space; see [, ] and the references therein. In
, Harjani and Sadarangani [] proved some ﬁxed point theorems for a one-variable
monotone mapping in a partially ordered metric space.
It is well known that the ﬁxed point problems for isotone mappings are easier than that
ofmixedmonotonemappings. So, the above results bring us to the following natural ques-
tion: can we obtain some multidimensional ﬁxed point theorems for a k-variable isotone
mapping, which include the unidimensional, coupled, tripled, and k-dimensional ﬁxed
point theorems as particular cases?
Motivated and inspired by the above results, we establish some ﬁxed point theorems
for a k-variable isotone mapping, which include the unidimensional, coupled, tripled, and
k-dimensional ﬁxed point theorems as particular cases. Moreover, we show that some
control conditions in the recent corresponding literature are not necessary.
2 Preliminaries
In order to ﬁx the framework needed to state our main results, we recall the following
notions. For simplicity, we denote from now on X ×X · · ·X ×X︸ ︷︷ ︸
k
by Xk , where k ∈ N and
X is a non-empty set. If elements x, y of a partially ordered set (X,≤) are comparable
(i.e. x ≤ y or y ≤ x holds), we will write x  y. Let {A,B} be a partition of the set k =
{, , . . . ,k}, that is, A∪ B =k and A∩ B = ∅, A,B = {σ :k →k : σ (A)⊆ A and σ (B)⊆
B} and ′A,B = {σ : k → k : σ (A) ⊆ B and σ (B) ⊆ A}. Henceforth, let σ,σ, . . . ,σk be k
mappings from k into itself, and let ϒ be the k-tuple (σ,σ, . . . ,σk).
Deﬁnition . ([]) Let (R,≤) be a partially ordered set and d be a metric on R. We say
that (R,d,≤) is regular if the following conditions hold:
(i) if a non-decreasing sequence {xn} is such that xn → x, then xn ≤ x for all n,
(ii) if a non-increasing sequence {yn} is such that yn → y, then yn ≥ y for all n.
Deﬁnition . (Altering distance function []) A function ψ : [, +∞) → [, +∞) is
called an altering distance function if the following properties are satisﬁed:
(i) ψ is continuous and non-decreasing,
(ii) ψ(t) =  if and only if t = .
Deﬁnition . ([]) Let (X,≤) be a partially ordered set and F : X → X. We say F has
the mixed monotone property if F is monotone non-decreasing in its ﬁrst argument and
is monotone non-increasing in its second argument, that is, for any x, y ∈ X,
x,x ∈ X, x ≤ x implies F(x, y)≤ F(x, y)
and
y, y ∈ X, y ≤ y implies F(x, y)≥ F(x, y).
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Deﬁnition . ([]) Let (X,≤) be a partially ordered set and F : X → X.We say that F has
themixedmonotone property if F(x, y, z) is monotone non-decreasing in x, it is monotone
non-increasing in y and is monotone non-decreasing in z, that is, for any x, y, z ∈ X,
x,x ∈ X, x ≤ x ⇒ F(x, y, z)≤ F(x, y, z),
y, y ∈ X, y ≤ y ⇒ F(x, y, z)≥ F(x, y, z)
and
z, z ∈ X, z ≤ z ⇒ F(x, y, z)≤ F(x, y, z).
Deﬁnition . ([]) Let (X,) be a partially ordered space. We say that F has the mixed
g-monotone property if F is monotone non-decreasing in arguments of A and monotone
non-increasing in arguments of B, i.e., for all x,x, . . . ,xn, y, z ∈ X and all i
y≤ z ⇒ F(x, . . . ,xi–, y,xi+, . . . ,xn)i F(x, . . . ,xi–, z,xi+, . . . ,xn).
Deﬁnition . Let F : Xk → X be a mapping. A point (x,x, . . . ,xk) ∈ Xk is:
(i) a coupled ﬁxed point [] if k = , F(x,x) = x and F(x,x) = x;
(ii) a tripled ﬁxed point [] if k = , F(x,x,x) = x, F(x,x,x) = x and
F(x,x,x) = x;
(iii) a ϒ-ﬁxed point [] of F if F(xσi(),xσi(), . . . ,xσi(k)) = xi for i ∈k .
Let (X,≤) be a partially ordered set and d be a metric on X such that (X,d) is a metric
space. We use the next notation from []:
x≤i y ⇔
{
x≤ y, if i ∈ A,
x≥ y, if i ∈ B.
The product spaceXk is endowedwith the following natural partial order: for (y, y, . . . , yi,
. . . , yk), (v, v, . . . , vi, . . . , vk) ∈ Xk ,
(y, y, . . . , yi, . . . , yk) (v, v, . . . , vi, . . . , vk) ⇔ yi ≤i vi, (.)
which will be denoted in the sequel, for convenience, by ≤, also. Obviously, (Xk ,≤) is a
partially ordered set. In particular, we denote by A the odd numbers in k and by B its
even numbers if k =  or . The mapping ρk : Xk ×Xk → [, +∞), given by
ρk(Y ,V ) =

k
[
d(y, v) + d(y, v) + · · · + d(yk , vk)
]
, (.)
where Y = (y, y, . . . , yk),V = (v, v, . . . , vk) ∈ Xk , deﬁnes a metric on Xk . It is easy to see
that
ρk(Yn,Y )→  (as n→ ∞) ⇔ d
(
yni , yi
)→  (as n→ ∞), i = , , . . . ,k, (.)
where Yn = (yn , yn, . . . , ynk ),Y = (y, y, . . . , yk) ∈ Xk .
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Let 	 denote the set of all continuous and strictly increasing functions ϕ : [,∞) →
[,∞), and
 denote the set of all functions ψ : [,∞)→ [,∞) such that limt→rψ(t) > 
for all r > .
Inspired by Deﬁnitions .-., we give Deﬁnitions . and ..
Deﬁnition . Let (X,≤) be a partially ordered set and T be a self-mapping on Xk . It is
said that T is an isotone property if, for any Y,Y ∈ Xk ,
Y ≤ Y ⇒ T(Y)≤ T(Y).
Remark . Note that if k =  in Deﬁnition ., then T is a non-decreasing mapping
(see []).
Deﬁnition . An element Y ∈ Xk is called a ﬁxed point of the mapping T : Xk → Xk if
T(Y ) = Y .
In order to prove our main results, we need the following lemmas.
Lemma . ([]) Let (X,≤) be a partially ordered set and d be ametric on X . If (X,≤,d)
is regular, then (Xk ,≤,ρk) is regular.
3 Main results
Now, we state and prove our main results.
Theorem . Let (X,≤) be a partially ordered set and suppose that there is a metric d on
X such that (X,d) is a complete metric space. Let T : Xk → Xk be an isotone mapping for
which there exist ϕ ∈	 and ψ ∈
 such that, for all Y ,V ∈ Xk with Y ≥ V ,
ϕ
(
ρk
(
T(Y ),T(V )
))≤ ϕ(ρk(Y ,V )) –ψ(ρk(Y ,V )), (.)
where ρk is deﬁned by (.). Suppose either
(a) T is continuous or
(b) (X,≤,d) is regular.
If there exists Z ∈ Xk such that Z  T(Z), then T has a ﬁxed point.
Proof Consider the Picard iteration associated to T and the initial approximation Z, that
is, the sequence {Zn} ⊂ Xk deﬁned by Zn+ = T(Zn) for n≥ . Obviously, if Zn+ = Zn for
some n ≥ , then Zn is a ﬁxed point of T . So, we may assume that Zn+ = Zn for every
n≥ .
Since Z  T(Z), without loss of generality, we assume that Z ≤ T(Z) (the case Z ≥
T(Z) is treated similarly), that is, Z ≤ Z. Since T is an isotone mapping, we see that the
sequence {Zn}∞n= is non-decreasing. Taking Y = Zn and V = Zn– in (.), we obtain
ϕ
(
ρk(Zn+,Zn)
)
= ϕ
(
ρk
(
T(Zn),T(Zn–)
))
≤ ϕ(ρk(Zn,Zn–)) –ψ(ρk(Zn,Zn–)), ∀n≥ . (.)
In view of the fact that ψ ≥ ,
ϕ
(
ρk(Zn+,Zn)
)≤ ϕ(ρk(Zn,Zn–)), ∀n≥ .
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Since ϕ is strictly increasing, we have
ρk(Zn+,Zn)≤ ρk(Zn,Zn–), ∀n≥ .
Hence, the sequence {δn}∞n= given by δn = ρk(Zn+,Zn) is monotone decreasing and
bounded below. Therefore, there exists some δ ≥  such that limn→∞ δn = δ.We shall prove
that δ = . Assume that δ > . Then by letting n→ ∞ in (.) and using the properties of
ϕ and ψ , we have
ϕ(δ)≤ ϕ(δ) – lim
n→∞ψ(δn–) = ϕ(δ) – limδn–→δ
ψ(δn–) < ϕ(δ),
which is a contradiction. Thus,
lim
n→∞ δn = . (.)
We claim that {Zn} is a Cauchy sequence. Indeed, if not, then there would exist an  > 
and subsequences {Zm(t)} and {Zn(t)} of {Zn} such that n(t) is the minimal in the sense that
n(t) >m(t)≥ t and ρk(Zm(t),Zn(t)) > . Therefore, ρk(Zm(t),Zn(t)–)≤ .
Using the triangle inequality, we obtain
 < ρk(Zm(t),Zn(t))≤ ρk(Zm(t),Zm(t)–) + ρk(Zm(t)–,Zn(t)–) + ρk(Zn(t)–,Zn(t))
≤ ρk(Zm(t),Zm(t)–) + ρk(Zm(t)–,Zm(t)) + ρk(Zm(t),Zn(t)–) + ρk(Zn(t)–,Zn(t))
≤ ρk(Zm(t),Zm(t)–) +  + ρk(Zn(t)–,Zn(t)).
Letting t → ∞ in the above inequality and using (.), we get
lim
t→∞ρk(Zm(t),Zn(t)) = limt→∞ρk(Zm(t)–,Zn(t)–) = . (.)
Since n(t) > m(t), we have Zm(t)– ≤ Zn(t)–. Hence, using (.) with Y = Zn(t)– and V =
Zm(t)–, we obtain
ϕ
(
ρk(Zn(t),Zm(t))
)≤ ϕ(ρk(Zn(t)–,Zm(t)–)) –ψ(ρk(Zn(t)–,Zm(t)–)).
Letting t → ∞ in the above inequality and using (.), we have
ϕ()≤ ϕ() – lim
t→∞ψ(rt) = ϕ() – limrt→ ψ(rt) < ϕ(),
where rt = ρk(Zn(t)–,Zm(t)–), which is a contradiction. Hence, the sequence {Zn}∞n= is a
Cauchy sequence in the metric space (Xk ,ρk). Since (X,d) is a complete metric space,
by (.), we ﬁnd that (Xk ,ρk) is complete. Therefore, there exists Z¯ ∈ Xk such that
limn→∞ Zn = Z¯.
Now suppose that (a) holds. It follows from Zn+ = T(Zn) that Z¯ is a ﬁxed point of T ,
that is, T(Z¯) = Z¯.
Suppose that (b) holds. Using Lemma ., we ﬁnd that (Xk ,≤,ρk) is regular. Thus, by
{Zn}∞n= is non-decreasing sequence that converges to Z¯, we have Zn ≤ Z¯ for all n ≥ .
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From (.) and the fact that ψ ≥ , we obtain
ϕ
(
ρk
(
Zn+,T(Z¯)
))
= ϕ
(
ρk
(
T(Zn),T(Z¯)
))
≤ ϕ(ρk(Zn, Z¯)) –ψ(ρk(Zn, Z¯))≤ ϕ(ρk(Zn, Z¯)) (.)
for all n≥ . From (.) and the strict monotonicity of ϕ, we have
ρk
(
Zn+,T(Z¯)
)≤ ρk(Zn, Z¯). (.)
Letting n → ∞ in (.) and using limn→∞ Zn = Z¯, we get ρk(Z¯,T(Z¯)) ≤ ρk(Z¯, Z¯) =  and
so ρk(Z¯,T(Z¯)) = , which implies Z¯ = T(Z¯). 
Taking k =  in Theorem ., we obtain the following result immediately.
Corollary . Let (X,≤) be a partially ordered set and suppose that there is a metric d on
X such that (X,d) is a complete metric space. Let T : X → X be a non-decreasing mapping
for which there exist ϕ ∈	 and ψ ∈
 such that, for all y, v ∈ X with y≥ v,
ϕ
(
d
(
T(y),T(v)
))≤ ϕ(d(y, v)) –ψ(d(y, v)).
Suppose either
(a) T is continuous or
(b) (X,d,≤) is regular.
If there exists z ∈ X such that z  T(z), then T has a ﬁxed point.
Remark . Corollary . includes Theorems . and . in [] as particular cases. Note
that in [] the authors use only condition z ≤ T(z), although the alternative assumption
z ≥ T(z) is also acceptable. In addition, the condition in [], ϕ(t) =  if and only if t = ,
is not necessary in Corollary .. Moreover, the control condition ψ ∈ 
 is weaker than
the condition in [] (i.e., ψ is an altering distance function).
Taking k =  and T(Y ) = (F(x, y),F(y,x)) for Y = (x, y) ∈ X in Theorem ., we obtain
the following result.
Corollary . Let (X,≤) be a partially ordered set and suppose that there is a metric d
on X such that (X,d) is a complete metric space. Let F : X → X be a mixed monotone
mapping for which there exist ϕ ∈	 and ψ ∈
 such that, for all x, y,u, v ∈ X with x ≥ u,
y≤ v,
ϕ
(d(F(x, y),F(u, v)) + d(F(y,x),F(v,u))

)
≤ ϕ
(d(x,u) + d(y, v)

)
–ψ
(d(x,u) + d(y, v)

)
. (.)
Suppose either
(a) F is continuous or
(b) (X,d,≤) is regular.
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If there exist x, y ∈ X such that
x ≤ F(x, y) and y ≥ F(y,x) (.)
or
x ≥ F(x, y) and y ≤ F(y,x), (.)
then there exist x¯, y¯ ∈ X such that x¯ = F(x¯, y¯) and y¯ = F(y¯, x¯).
Proof Now we use the result of Theorem . (k = ) to prove Corollary .. For simplicity,
we denote Y = (x, y), V = (u, v), Z˜ = (x˜, y˜), and Zn = (xn, yn) for all n≥ . The product space
X is endowed with the following partial order:
for Y ,V ∈ X, Y ≤ V ⇔ x≤ u, y≥ v. (.)
Consider the function ρ : X ×X → [, +∞) deﬁned by
ρ(Y ,V ) =


[
d(x,u) + d(y, v)
]
, ∀Y ,V ∈ X. (.)
Obviously, (X,≤) and ρ are two particular cases of (Xk ,≤) and ρk deﬁned by (.) and
(.), respectively.
Let the operator T : X → X be deﬁned by
T(Y ) =
(
F(x, y),F(y,x)
)
, ∀Y ∈ X. (.)
Now we show that T is an isotone mapping. Suppose that Z ≤ Z for Z,Z ∈ X. From
(.), we have x ≤ x, y ≥ y. Thus, by the mixed monotonicity of F , we have
F(x, y)≤ F(x, y) and F(y,x)≥ F(y,x) (.)
for any Z ≤ Z. From (.), (.), and (.), we have
T(Z) =
(
F(x, y),F(y,x)
)≤ (F(x, y),F(y,x)) = T(Z)
for any Z ≤ Z. Therefore, T is an isotone mapping.
From (.) and (.), we have
d(F(x, y),F(u, v)) + d(F(y,x),F(v,u))
 = ρ
(
T(Y ),T(V )
)
and
d(x,u) + d(y, v)
 = ρ(Y ,V )
for Y ,V ∈ X. Thus, by (.), we have ϕ(ρ(T(Y ),T(V ))) ≤ ϕ(ρ(Y ,V )) – ψ(ρ(Y ,V )),
∀Y ≥ V . By (.)-(.), there exists Z ∈ X such that Z  T(Z).
Wang Fixed Point Theory and Applications 2014, 2014:137 Page 8 of 13
http://www.fixedpointtheoryandapplications.com/content/2014/1/137
Now suppose that (a) holds. It is easy to see that T is continuous. Indeed, let {Zn} be
a sequence in X such that ρ(Zn, Z˜) →  (as n → ∞), where Z˜ ∈ X. From (.) and
(.), we have d(xn, x˜)→  and d(yn, y˜)→  as n→ ∞. Since F is continuous, this implies
d(F(xn, yn),F(x˜, y˜))→  and d(F(yn,xn),F(y˜, x˜))→  as n→ ∞. Thus, by (.) and (.),
we have
ρ
(
T(Zn),T(Z˜)
)
= 
[
d
(
F(xn, yn),F(x˜, y˜)
)
+ d
(
F(yn,xn),F(y˜, x˜)
)]→  (n→ ∞),
which implies that T is continuous.
Hence, there is no doubt that all conditions of Theorem . are satisﬁed. Hence, T has a
ﬁxed point Z¯ = (x¯, y¯) ∈ X. From (.), we have x¯ = F(x¯, y¯) and y¯ = F(y¯, x¯). This completes
the proof. 
Remark . It is worth pointing out that we omit the control conditions: ϕ(t) < t for all
t > , ϕ(t + s)≤ ϕ(t) + ϕ(s) for all t, s ∈ [,∞) and limt→+ ψ(t) = , which are necessary in
the proof of Theorem  in Berinde [].
Taking k =  and T(Y ) = (F(x, y, z),F(y,x, y),F(z, y,x)) for Y = (x, y, z) ∈ X in Theo-
rem ., by a similar argument to the proof of Corollary ., we obtain the following result.
Corollary . Let (X,≤) be a partially ordered set and suppose that there is a metric d
on X such that (X,d) is a complete metric space. Let F : X → X be a mixed monotone
mapping for which there exist ϕ ∈ 	 and ψ ∈ 
 such that, for all x, y, z,u, v,w ∈ X with
x≥ u, y≤ v, z ≥ w,
ϕ
(d(F(x, y, z),F(u, v,w)) + d(F(y,x, y),F(v,u, v)) + d(F(z, y,x),F(w, v,u))

)
≤ ϕ
(d(x,u) + d(y, v) + d(z,w)

)
–ψ
(d(x,u) + d(y, v) + d(z,w)

)
.
Suppose either
(a) F is continuous or
(b) (X,≤,d) is regular.
If there exist x, y, z ∈ X such that
x ≤ F(x, y, z), y ≥ F(y,x, y) and z ≤ F(z, y,x) (.)
or
x ≥ F(x, y, z), y ≤ F(y,x, y) and z ≥ F(z, y,x), (.)
then there exist x, y, z ∈ X such that
F(x, y, z) = x, F(y,x, y) = y and F(z, y,x) = z,
that is, F has a tripled ﬁxed point.
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Theorem . Let (X,≤) be a partially ordered set and suppose that there is a metric d on
X such that (X,d) is a complete metric space. Let T : Xk → Xk be an isotone mapping for
which there exists a constant α ∈ [, ) such that, for all Y ,V ∈ Xk with Y ≥ V ,
ρk
(
T(Y ),T(V )
)≤ αρk(Y ,V ), (.)
where ρk is deﬁned by (.). Suppose either T is continuous or (X,≤,d) is regular. If there
exists Z ∈ Xk such that Z  T(Z), then T has a ﬁxed point.
Proof Taking ϕ(t) = t and ψ(t) = ( – α)t for t ∈ [,∞) and α ∈ [, ) in Theorem ., we
obtain the above result immediately. 
Remark . The metric ρk in Theorem . can be replaced by some other metrics on Xk ,
for example, by the next one:
ρ¯k(Y ,V ) = max
≤i≤k
d(yi, vi), (.)
where Y = (y, y, . . . , yk) and V = (v, v, . . . , vk) ∈ Xk , and the result will also be true.
Using a similar argument to the proof of Corollaries . and ., we deduce the following
corollaries from Theorem ., respectively.
Corollary . Let (X,≤) be a partially ordered set and suppose that there is a metric d
on X such that (X,d) is a complete metric space. Let F : X → X be a mixed monotone
mapping for which there exists a constant α ∈ [, ) such that, for each x≥ u, y≤ v,
d
(
F(x, y),F(u, v)
)
+ d
(
F(y,x),F(v,u)
)≤ α[d(x,u) + d(y, v)].
Suppose either F is continuous or (X,≤,d) is regular. If there exist x, y ∈ X such that (.)
or (.), then there exist x¯, y¯ ∈ X such that x¯ = F(x¯, y¯) and y¯ = F(y¯, x¯).
Corollary . Let (X,≤) be a partially ordered set and suppose that there is a metric d
on X such that (X,d) is a complete metric space. Let F : X → X be a mixed monotone
mapping for which there exists a constant α ∈ [, ) such that, for each x≥ u, y≤ v, z ≥ w,
d
(
F(x, y, z),F(u, v,w)
)
+ d
(
F(y,x, y),F(v,u, v)
)
+ d
(
F(z, y,x),F(w, v,u)
)
≤ α[d(x,u) + d(y, v) + d(z,w)].
Suppose either F is continuous or (X,≤,d) is regular. If there exist x, y, z ∈ X such that
(.) or (.), then F has a tripled ﬁxed point.
Now we give a k-dimensional ﬁxed point theorem for mixed monotone mappings.
Corollary . Let (X,≤) be a partially ordered set and suppose that there is a metric d on
X such that (X,d) is a completemetric space. Letϒ = (σ,σ, . . . ,σk) be a k-tuple ofmapping
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from k into itself such that σi ∈ A,B if i ∈ A and σi ∈ ′A,B if i ∈ B. Let F : Xk → X be a
mixed monotone mapping. Assume that there exists α ∈ [, ) verifying
d
(
F(x,x, . . . ,xk),F(y, y, . . . , yk)
)≤ α max
≤i≤k
d(xi, yi) (.)
for which xi ≤i yi for i ∈k . Suppose either F is continuous or (X,≤,d) is regular. If there
exist x,x, . . . ,xk ∈ X verifying
xi ≤i F
(
xσi() ,x
σi()
 , . . . ,x
σi(k)

)
for i ∈k , (.)
then F has one ϒ-ﬁxed point.
Proof For brevity, (y, y, . . . , yk), (v, v, . . . , vk), and (x,x, . . . ,xk) will be denoted by Y , V
and X, respectively. Consider the mapping T : Xk → Xk deﬁned by
T(Y ) =
(
F(yσ(), yσ(), . . . , yσ(k)), . . . ,F(yσi(), yσi(), . . . , yσi(k)), . . . ,
F(yσk (), yσk (), . . . , yσk (k))
)
(.)
for Y ∈ Xk .
Now, we show that T is an isotone mapping. Indeed, suppose that Y ≤ V for Y ,V ∈ Xk .
By (.), we have yt ≤ vt when t ∈ A and yt ≥ vt when t ∈ B. For each i ∈ A, we have σi ∈
A,B. So, yσi(t) ≤ vσi(t), ∀t ∈ A and yσi(t) ≥ vσi(t), ∀t ∈ B. Thus, by the mixed monotonicity of
F , we have, for ﬁxed i ∈ A,
F(yσi(), . . . , yσi(t–), yσi(t), yσi(t+), . . . , yσi(k))
≤ F(yσi(), . . . , yσi(t–), vσi(t), yσi(t+), . . . , yσi(k)) (.)
when t ∈ A. Similarly, if t ∈ B, then the inequality (.) holds for ﬁxed i ∈ A. So, for ﬁxed
i ∈ A, inequality (.) holds for t ∈k . From this, we have
F(yσi(), yσi(), . . . , yσi(k)) ≤ F(vσi(), yσi(), yσi(), . . . , yσi(k))
≤ F(vσi(), vσi(), yσi(), . . . , yσi(k))
. . .
≤ F(vσi(), vσi(), vσi(), . . . , vσi(k)) (.)
for i ∈ A. Similarly, we have
F(yσi(), yσi(), . . . , yσi(k))≥ F(vσi(), vσi(), vσi(), . . . , vσi(k)) (.)
for i ∈ B. From (.), (.), and (.), we deduce that T is an isotone mapping.
Suppose that Y ≤ V for Y ,V ∈ Xk . For ﬁxed i ∈ A, we have yσi(t) ≤t vσi(t) for t ∈k . From
(.), we have
d
(
F(yσi(), . . . , yσi(k)),F(vσi(), . . . , vσi(k))
)≤ α max
≤i≤k
d(yi, vi) (.)
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for all i ∈ A. Similarly, for ﬁxed i ∈ B, we have yσi(t) ≥t vσi(t) for t ∈k . It follows from (.)
that
d
(
F(yσi(), . . . , yσi(k)),F(vσi(), . . . , vσi(k))
)
= d
(
F(vσi(), . . . , vσi(k)),F(yσi(), . . . , yσi(k))
)
≤ α max
≤i≤k
d(yi, vi) (.)
for all i ∈ B. By (.), (.), (.), and (.), we have ρ¯k(T(Y ),T(V ))≤ αρ¯k(Y ,V ), where
ρ¯k is deﬁned by (.). From (.), there exists X ∈ Xk such that X ≤ T(X). Using the
same argument as in the proof of Corollary ., we deduce that T is continuous. Using
Theorem ., we see that T has a ﬁxed point. So, F has a ϒ-ﬁxed point. 
Remark . In order to obtain the multidimensional ﬁxed point theorems, the authors
of [–] constructed some Cauchy sequences using the properties of multidimensional
mixed monotone mappings. To prove that more than one sequence is simultaneously
Cauchy does not seem so easy. It is also known that the ﬁxed point problems for isotone
mappings are easier than for mixed monotone mappings. Using the properties of isotone
mappings, we obtain some multidimensional ﬁxed point theorems by constructing only
one Cauchy sequence. As an application, we give a simple proof of Corollary ., which
is similar to Theorem  in [].
Theorem . In addition to the hypotheses of Theorem ., suppose that, for all ﬁxed
points Y¯ ,Y ∗ ∈ Xk of T , there exists Z ∈ Xk such that Z is comparable to Y¯ and to Y ∗. Then
T has a unique ﬁxed point.
Proof FromTheorem ., the set of ﬁxed points of T is non-empty. Assume that Y¯ and Y ∗
are two ﬁxed points of T . Put Z = Z and Zn+ = T(Zn) for n ≥ . Since Z is comparable
to Y¯ , we may assume Z ≤ Y¯ . Since T is an isotone mapping, we obtain inductively Zn ≤ Y¯
for n≥ . Therefore, by (.), we have
ϕ
(
ρk(Y¯ ,Zn+)
)
= ϕ
(
ρk
(
T(Y¯ ),T(Zn)
))≤ ϕ(ρk(Y¯ ,Zn)) –ψ(ρk(Y¯ ,Zn)), (.)
which, by the fact that ψ ≥ , implies
ϕ
(
ρk(Y¯ ,Zn+)
)≤ ϕ(ρk(Y¯ ,Zn)). (.)
By (.) and the strict monotonicity of ϕ, we see that the sequence {n} deﬁned byn =
ρk(Y¯ ,Zn) is non-increasing. Hence, there exists β ≥  such that limn→∞n = β . We shall
prove that β = . Suppose, conversely, that β > . Letting n→ ∞ in (.), we get
ϕ(β)≤ ϕ(β) – lim
n→β
ψ(n) < ϕ(β),
which is a contradiction. Thus β = , that is,
lim
n→∞ρk(Y¯ ,Zn) = . (.)
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Similarly, we obtain
lim
n→∞ρk
(
Y ∗,Zn
)
= . (.)
Combining (.) and (.) yields Y ∗ = Y¯ . 
Using a similar argument to the proof of Corollary ., we deduce the following corol-
laries from Theorem ., respectively.
Corollary . In addition to the hypotheses of Corollary . (or Corollary .), suppose
that, for all coupled ﬁxed points Y¯ ,Y ∗ ∈ X of F , there exists Z ∈ X such that Z is compa-
rable to Y¯ and to Y ∗. Then F has a unique coupled ﬁxed point.
Corollary . In addition to the hypotheses of Corollary . (or Corollary .), suppose
that, for all tripled ﬁxed points Y¯ ,Y ∗ ∈ X of F , there exists Z ∈ X such that Z is compa-
rable to Y¯ and to Y ∗. Then F has a unique tripled ﬁxed point.
Corollary . In addition to the hypotheses of Corollary ., suppose that, for all
ϒ-ﬁxed points Y¯ ,Y ∗ ∈ Xk of F , there exists Z ∈ Xk such that Z is comparable to Y¯ and
to Y ∗. Then F has a unique tripled ﬁxed point.
Remark . In this paper, the results show how to extend unidimensional ﬁxed point
results to the multidimensional case and give a simple and uniﬁed approach to some cou-
pled, tripled, and k-dimensional ﬁxed points. It is worth pointing out that we extend the
interesting technique of proof in [] from k =  to k arbitrary. The results in [] and []
are the unidimensional and coupled cases, respectively.
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